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The conditions under which a general two-dimensional non-linear sigma model is classically 
integrable are given. These requirements are found by demanding that the equations of motion of 
the theory are expressible as a zero curvature relation. Some new integrable two-dimensional sigma 
models are then presented. 
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I. INTRODUCTION 

As is well-known, a two-dimensional theory is classically integrable if its equations of motion can be represented as 
a zero curvature relation. That is, a Lax pair (Aq,Ai) can be found such that the commutator 

[do + A (A) , di + Ax (A)] = (1.1) 

yields the equations of motion of the model under consideration for all values of the spectral parameter A. Here, the 
two-dimensional coordinates are (r, cr) with da = g-p and d\ = In the rest of the paper, however, we will use the 
complex coordinates (z = t + ia , z = r — ia) together with d = ^ and d = JL. 

The classical example of this setting is the principal chiral non- linear sigma model in two dimensions QJ^]. The 
action of this theory is given by 

S = { clzdz T] k i e\ (X) e\ (X) dX'dX' , (1.2) 



where r/ki is an invertible invariant bilinear form of the Lie algebra Q defined by [Ti , Tj] — f^Tk- That is, T]ijf%. 



JijJ-k- -Liio^ is, ill] fli 

Vkjfii = 0. The vielbeins satisfy the Cartan-Maurer relation 



$ e *_0 ie * + /* we ™ e p = Q . (1.3) 
The equations of motion of the principal chiral sigma model can be cast in the form 

d (e^dX 1 ) + d (e k t dX l ) = . (1.4) 

This expression is reached after using the properties of rjij and e\. 

The Lax pair for this model is constructed in the following manner: Consider the commutator 



\ + A ± yf\ + A 2 J (efdX*) T k , 5 + [\ - A ± <J\ + A^J [e]dX=) T t 

= {-X[d (e^BX*) + 8 (efdX*)] + (| ± + [d (e*dX>) - 8 (e 4 W) + f^ n (e^dX*) (e]dX^)} } T k . (1.5) 

If this commutator vanishes for all values of A then the term proportional to —A yields the equations of motion of 
the principal chiral sigma model. The second term is identically zero due to the Cartan-Maurer relations between the 
vielbeins ef. 
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In summary, the equations of motion are completely specified in terms of the currents 

p = 4dx l , If = 4Bx l . (1.6) 

These currents satisfy the Bianchi identities BP — BP + f] k PI k = 0. A convenient way of interpreting the Bianchi 
identities stems from the expressions 

dX i ={e- 1 ) i .P , BX^ie-y.P , (1.7) 

The Bianchi identities are nothing else than the integrability conditions of these last relations. Namely 

ddX 1 - BdX 1 = . (1.8) 

This remark will be of use in what follows. Finally, a curvature which can be written as a linear combination of the 
equations of motion and the Bianchi identities is found. 

II. GENERALISATION 

We would like now to generalise the previous discussion to any two-dimensional non-linear sigma model. Our aim 
is to determine the conditions under which a theory is integrable. We start from the action 



dzdz Q i3 -(X) BX i 8X j . (2.1) 



The tensor Qij has symmetric and anti-symmetric parts. The equations of motion resulting from the variation of this 
action are given by 

Si = diQijdX'dX* - d (QijdX j ) - B (Q a BX l ) = . (2.2) 

By contacting the equations of motion with the matrix K™ 1 (X), one gets 

KfSi = (K™ l diQ tJ + QijBiK™ 1 + QudjK™ 1 ) dXW - 8 (K^ l QijdX j ) - B (K™ l Q u 3X l ) = . (2.3) 

In general, K™ 1 could also depend on some parameters which will be interpreted as the spectral parameters. 
Our next step is the introduction of the two currents defined by 

dX i = a)(X)A i , Bx t ^l3){X)A 1 , (2.4) 
where aj and /?*• are two invertible matrices. In terms of these currents, the equations of motion take the form 

KfEx = (KfdiQij + QijdiK™ 1 + Q a B 3 K™ 1 ) ^ q A"A" - 8 (K^QuftA*) - B (K™ 1 Q iX a\A«) = . (2.5) 

There are various ways of expressing the equations of motion. However, this last form is the most convenient for our 
purpose. 

The above definition of the two currents A 1 and A 1 leads to some Bianchi identities. These are found from the 
integrability condition 

B i = BBX 1 - BBX 1 = 8 (l3\A q ) - B (a^AP) = . (2.6) 
By contracting this last equation with the matrix L™ (^0, one gets 

L%& - 3 (L%f? q A«) B (LZaiAP) - (djL™ - d t L™) o?&A*A* = . (2.7) 

Like K™ 1 , the tensor could in principle depend on some parameters too. We have therefore expressed the equations 
of motion in terms of two currents subject to some Bianchi identities. We now turn our attention to the construction 
of the Lax pair. 

Let us consider the two differential operator as defined by 

v, ■)'/) ■ i; , f>)=s)B + v; (2.8) 
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where Vj and Vf are two gauge connections. The curvature of these two operators is given by 

Ft=v^-v)vi=dn-Bvi+vjn-vivi . (2.9) 

Following the case of the principal chiral sigma model, we require that this curvature satisfies 

Fi = Kj}£ l +Ll l B l , (2.10) 

By matching the terms involving the two derivatives 8 and 8 on both sides of equation ( 2.10| ), one is forced to 
choose the two gauge fields as 

V& = {KgQji + 4,-) oP m A m = (K%Q 3l + 4 3 -) dX* 

% = {-KtQii + L\ 3 ) P° n A n = (-KjtQu + L\ 3 ) OX? . (2 . n) 
Substituting back V k and V k in ( 2.10 ), leads to the following differential equation 

(Ki l dtQ mn + Q ln d m K» + Qmid n Kf) - (d m L\ n - d n Ll m + L) m L{ n - L) n L{ m ) 
= (KfKi 1 - KfKi 1 ) Q ln Q mt + (KflA LLK* 1 ) Q ml + (KfL{ m - L) m K^\ Q ln . (2.12) 



It is remarkable that this last equation is independent of otj and /?j . Therefore the choice of A 1 and A 1 has no influence 
on the construction. We conclude that the curvature Fj, corresponding to the gauge fields Vf and VJ in ( 2.11 ), can 
be written as a linear combination of the equations of motion and the Bianchi identities if equation (2.12) is fulfilled. 
Furthermore, the quantities K k and L l ]k must depend on at least one spectral parameter A. If the equation F k = 

holds for all values of A then one obtains £ i = and B l = 0. Notice that none of the tensors Qij, K l k 3 and U- k is, 
a priopri, known. Therefore, the class of two- dimensional non-linear sigma model which is classically integrable is 
specified by all the tensors Qij satisfying ( 2.12 ) for some quantities K k and L l ]k . 

So far there is no Lie algebra structure in our construction. This is due to the fact that our gauge connections Vj 
and are not necessarily evaluated in a Lie algebra. Let us now choose a gauge connection that takes value in the 
Lie algebra H generated by [Hi , Hj] — h^H k . Namely, W = WHi and W = W l Hi. In a similar manner, we require 
that 

[d + W , 8 + W] = (dW l - dW l + h) k W 3 W k ) H = (n a £i + p\B l ) H , (2.13) 

where and p\ are the equivalent of and L'-j, respectively. The contracted equations of motion, p ml £i : and the 
contracted Bianchi identities, p™B l , are given by 

= {p^diQa + Qi 3 8ip ml + Qad jf i ml ) a i p (3 3 q A p A q - d (^Q^^A?) - 8 (n ml Qiio? q A«) = 

P \ n B % = 8 {pTPqAo) - 8 {pT<^ p A p ) - {djp? - 8 lP ™) (4P q A p A« = . (2.14) 
A direct inspection of equation ( |2.13| ) leads to the gauge connections 

W* = (^Qji + p)) ai n A m = (p a Q 3l + p)) dX* 

W* = (S l Qi 3 + p)) &A n = (-p ll Qu + P)) 8Xi . (2 . 15) 

The differential equation we obtain in this case is given by 

(p d 8lQrnn + Qlnd m p tl + Qml8 n p l1 ) - \ d m P % n - 8 n p l m + ^fc/^Pn) 

= K) k p3 l p kt Q ln Q mt + K ]k p3 l (p k m Qin + P k n Q m i) ■ (2.16) 

Here also, the dependence on the spectral parameter A could only be in the tenso rs /i 4 - 7 and p*. 

There are some interesting geometrical structures appearing in equation ( [2.12] ) (and similarly in equation (2.16)). 
These structures are the Lie derivative of Qij with respect to K k and the curvature of the differential operator 
(Vi)j. = 8 3 k di + L ki . Using the properties of these two geometrical objects, one can derive some consistency conditions 
for the validity of our differential equations. According to our investigation, the form of these conditions is too involved 
and does not lead to any new insight. Finally, it is worth mentioning that equation ( |2.16 ) is a generalisation of an 
equation that appears in the context of Poisson-Lie duality in two-dimensional sigma models PM| . This suggests a 
possible link between classical integrability an T-duality in sigma models. This relashionship has been noticed and 
exploited in ||-|^] for a very particular class of classically integrable sigma models. 
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III. EXAMPLES 



It i s easier to consider the case described by the gauge connections W % and W l in ( 2.15 ) and the differential equation 
( [2.16 ). Let us first check t hat one obtains some known integrable two dimensional non-linear sigma models. Indeed, 



the Lax pair construction (|l.5| ) for the principal chiral sigma model is found by taking 



t J>l 


= Xrf' 


'( 








Pn 


■0 


± 




- fjk 





-iy 

Ik 



(3.1) 

where rf 3 is the inverse of the bilinear form rjij . Similarly, all the Lax pairs corresponding to the other known integrable 
sigma models can be constructed in a similar manner. 

By examining equation ( |2.16| ) one can realise that there are new integrable sigma models. A straight forward 
solution to this equation is found by taking 

fi ij = u ik vl 

v{diQ mn + Qi n d m v l k + Qmid n v l k = 
h) k = 

p) <>r\' , (3.2) 



where A 1 (X) is an arbitrary function and uj is a constant tensor. This m eans that the matrix v k is a Killing vector 



of the tensor and the Lie algebra 7i is Abelian. In this case equations ( 2.16 ) is satisfied for any arbitrary tensors 
u> l1 and A\ Notice that neither the equations of motion nor the Bianchi identities have, for this class of sigma models, 
terms quadratic in the currents A 1 and A 1 . The Lax pair construction for these types of sigma models is given by 

[d + (u^vlQfldXi + dA z ) B l , 5 + (-uj mn v r n Q rs dX s + 8k m ) H m ] 
= {Lu mn [-8 (v r n Q rs 8X s ) - 8 (liQfldX*)] + (ddA m - 88 A m ) } H m . (3.3) 

When this curvature vanishes, the term proportional to the arbitrary tensor ui mn yields the equations of motion while 
the second term is identically zero. We have chosen here to use directly dX l and dX l instead of the currents A 1 and 
A 1 . 

We conclude that any two-dimensional non-linear sigma model possessing isometries is classically integrable^. In 
this case, for a given sigma model, one can find an infinite number of Lax pairs: one for each choice of (A*, u> i3 j. 
Moreover, one has a Lax pair construction involving an arbitrary number of spectral parameters. 

An example of this class is given by a generalisation of the principal chiral sigma model. We consider the action 

dzdz flkl e* PO e l j {X) dX i dX 1 , (3.4) 

where fl k i can be any constant matrix (not necessarily the bilinear form rjj~i)- The underlying Lie algebra is still Q, 
defined in the introductory section. The Killing vector v* corresponding to the tensor Qij — il k i e^e^ is given by 

v) = (e^l, where R) is defined by g^Tig = R{Tj and verifies the relations d k R) = P mn Rfel and f^R^R* = 
P mn R % y Here g (X) is an element in the Lie group corresponding to the Lie algebra Q . The vielbeins are given by the 

usual experession e*Ti = {g~ x djg)' '' Ti. 

At this point some remarks are due. Firstly, since the principal chiral sigma model is a special case of the action 
( |3.4[ ), we have therefore found a new Lax pair formulation for this model. Secondly, there is another model based on 
the Lie algebra Q — SU (2) and which is known to be classically integrable ||. This model corresponds to taking a 
diagonal with flu = f^22 ^33- In this case also our Lax pair construction is different from that of pjj. Finally, 



we should mention that an earlier attempt to study the classical integrability of the model (3.4) did not produce any 
new integrable systems ||. 



1 Since the zero curvature condition leads to lASi = (and not Si = 0), we require the Killing vectors v* to be invertible. 
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The second example we consider here is described by the action 



S= / dzdzQ i ^(x)dXidx j 



where Q lJ is given through its inverse by 



Qij Vij "F fijXk 



(3.5) 



(3.6) 



This model is the non-Abelian T-dual of the chiral principal sigma model pp|-^3|. It is not known whether this 
model is classically integrable. The study of this model sheds, therefore, some light on whether duality preserves 
integrability. 

The equations of motion stemming from our action can be cast in the form 



a j 1 -dj l + fljjji = o , 

where the two currents are given by |L4| 

j 1 = Q il d Xi , J 1 = -Q l] B X] ■ 

This definition leads to the Bianchi identities (ddxi — ddxi = 0) 

dP + BP + rf k f klXi (8J l - 8 J 1 + f mn J m J n ) = 
The Lax pair construction is found through the commutator 

d- 

= {-A [8.P 



(3.7) 
(3.8) 
(3.9) 



- A ± y/\ + A^J J l T t 

fl jm, jn\~\ 
J mn J J ) J 



A 2 ) J k T k , 5 + (| 
dJ j +r) jk p kl Xi (dJ l -dJ l 
l + \ 2 )6j + \r? k fi lXi } (dJ l - dJ l + f l mn J m J n ) } Tj 



(3.10) 

If this commutators is to vanish then the term propotional — A yields the Bianchi identities while the term proportional 
to 



leads to the equations of motion. Therefore, the non-Abelian dual of the principal 

chiral sigma model is also classically integrable. 

In summary, we have given in this paper the necessary constraints for a non-linear sigma model to be classicaly 
integrable. The equations found are not empty and lead to some unexpected integrable theories. The geometrical 
nature of these equations might be employed to find more solutions. 
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